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Introduction

Let {P;}52, and {P;}32, be discrete probability distributions defined on the set of non-
negative integers. The distribution {P; } ° o 1s the result of a partial summation applied
to {P;}52, if

Po=) u(z,j)P;, =012 .., (1)
j=x

where u(-,-) is a real function. The distributions {P;}52, and {P;}52, are called the
parent and the descendant, respectively. A brief overview of partial-sum distributions
can be found in [3], pp. 508-512. Summation was used mainly as a tool for creating
new discrete distributions (see, e.g., [L3] or [18]). However, other applications of partial
summations are available in literature.

Different types of partial summation can be obtained by different choices of w(-, )E]
Two types of partial summation that are special cases of were proposed in [10],

namely
P, =) g()P;, =012, (2)
j=x

and

D)) P, x=012,..., (3)
j=x

where ¢(-) and h(-) are real functions.
There is a one-to-one correspondence between discrete distributions and partial
summations . For every distribution, there exists one and only one partial summation

defined by , which results in the descendant identical with its parent, i.e.,
P, =P, x=0,1,2,... .

The same is true for summation . Then we say that the distribution {P;}52, is
invariant with respect to summation (2), or (B). Hence, the functions g(-) and h(-) can
be considered new characteristics of discrete distributions.

In [20], these characteristics are derived for the geometric distribution. The geometric
distribution is invariant with respect to both of summations and if and only if
the function g(-) (as well as h(-)) is equal to p, which is the parameter of geometric

distribution, i.e., if

=p> P;,  x=012... . (4)
j=x

'We remind that the function u(,-) does not have to depend on both of its arguments.



The partial summation (4)) can be also called the geometric partial summation (similarly,
the partial summation, with respect to which the Poisson distribution is invariant, is
called the Poisson partial summation, etc.). The geometric partial summation is widely
used in reliability analysis, mostly to determine the residual life of a component in
a system, see e.g. [14] or [15]. An application of this type of partial summation in
risk models in insurance is presented in [16]. The geometric distribution is somewhat
special among discrete distributions, being invariant to the partial summation defined
by g(j) = h(x) = p. In general, the functions g(-) and A(-) can differ from each other.

The works [8] and [19] (the latter inspired by certain problems in quantitative mo-
delling in linguistics and musicollogy) offer the conditions of invariance for some other
specific types of partial summations. Finally, [I0] solves the problem of invariance under
summations (2)) and (3) in general. A method for deriving g(-) and h(-) for a wide class
of discrete distributions is presented as follows. Let the parent distribution satisfy the
recurrence relation

o = fle+1)P; r=0,1,2,... .

The distribution is invariant with respect to the summation if and only if
gx)=1— f(x +1), r=0,1,2,....

On the other hand, the distribution is invariant with respect to the summation (3] if

and only if

h(z) = <1+§:Hf(x+k:)> . x=0,1,2,... .

j=1 k=1
The relations between probability generating functions of the parent and descendant
distributions are presented in [10], for arbitrary meaningful function g(-) (or h(-)).

Generally, in the partial summation there are three elements:

e the parent distribution {P}}32,

e the descendant distribution {P;}22,, and

e the function u(-,-) (or in special cases and the functions ¢(-) and h(-),

respectively) - the link between the parent and the descendant.

If we fix two of the three elements, the remaining one is (almostﬂ) uniquely given by
(1). What is more, [2I] prove that any two discrete distributions defined on the same

2The non-uniqueness concerns only parent distributions for some modifications of partial summation

and is caused by the normalization constant.



support with only non-zero probabilities are connected by a partial summation for some
choice of the function u(-,-).

A special case of (2)), known as the STER summation (Sums successively Trunca-
ted from the Expectation of the Reciprocal of a random variable having the parent
distribution), can be found in [I]. According to [22], the Yule distribution is the only
one for which the parent and the descendant are identical under the STER summation.
Generalizations of the STER summation are proposed by [17] and [9]. Another special
case of (2)) finds its application in economic modelling, see e.g. [7], [5], and [6]. In the
latter two works, the partial summation is used to characterize a class of renewal risk
models. The partial summation is understood more generally there, as an operator on
any real-valued function. One more application of partial summation (2] is in finding
continuous analogues of discrete distributions (and vice versa) provided by [12].

It is possible to apply partial summation iteratively as follows:

PO =C )Y u(r,j)P;, x=012,...,
Jj=x

PO =03 u@ pPMY, w=012.. . k=23,

j=o

C is a normalization constant which ensures that {ngk)}g‘;o is a proper distribution for
k=1,2.3,....

In [11], the iterated partial summation with

u(w7j) :p7

p € (0,1) is scrutinized. We note that the geometric distribution is invariant with
respect to this partial summation, see [20]. Using the convergence of the probability
generating functions, [I1] proves that if the parent distribution {P;}32, satisfies

P*

— 1 J+1 5
p=Jim 5 (5)

the limit distribution is the geometric distribution with the parameter value equal to p

in (5), Le.,

lim P = p(1 — p)*, r=0,1,2,... .

1—00



Objectives

The dissertation thesis focuses on two main topics, namely invariance of partial sum-

mation and iterated partial summation.

1. For each discrete probability distribution there exists one and only one summation
under which the distribution is invariant (the parent distribution is the same as
descendant). If the summations are parametrized, the parent distribution remains
invariant in some cases, but sometimes we obtain another distribution as the

descendant. The two families of partial summations are characterized in the thesis.

2. Partial summations can be applied iteratively. The question is whether there exists
a limit descendant distribution for the iterated summations. So far, the only case
where the limit distribution (geometric) was known is the most simple partial
summation in which the summed probabilities are multiplied by a constant. This

result are generalized for other types of partial summations.

1 Parametrization of partial summation

In this chapter we consider the partial summation
P.=Y g()P;, x=012.... (6)
j=x

Let f(x) be a function given by
= flx+ )P, x=012,....

Then (according to [10]) the function g(-), which leaves the parent distribution unaltered

under summation (6], is
glx)=1— f(x+1), r=0,1,2,... . (7)

For the sake of simplicity, in the following considerations we limit ourselves to discrete
distributions with one parameter only.

Denote a the parameter of the distribution {P;}22,. In order to emphasize the role

of the parameter, we can use the notation {P;(a)}32, and condition of invariance (7}
can be rewritten as
g(xz;a) =1— f(z + 1;a), r=0,1,2,... . (8)



The descendant distribution is uniquely given by {P;(a)}32, and g(z;a), z =0,1,...

J

i.e., it also depends solely on the parameter a. Hence the distribution resulting from @

is in fact {Pj(a)}32,:
Py(a) =) g(j;a)Pf(a), 2=0,1,2,... . (9)
Jj=z

Let us consider a modification of summation (9), namely,

Py=cY g(iNPi(a), x=012,.., (10)
Jj=x
with
glx; ) =1— f(z+ 1; N), x=0,1,2,..., (11)

where the formula for the function from is kept, but parameter a was replaced with
A; ¢ is a proper constant (with respect to x) which should ensure that {P;(a)}52, sums
to 1. Our aim is to investigate consequences of the above mentioned change of the

parameter value.

1.1 Examples

Geometric distribution: Let { P} (a)}32, be the geometric distribution with parame-
ter a € (0;1), i.e.,

Pi(a) =a(l —a), j=0,1,2,....

Summation (10]) yields
Px:cZg(j;)\)a(l—a)j, x=0,1,2,...,
j=x

and function g(-) is determined by as

Bra(d)

glx;N)=1—fz+ 1N =1- PV

=\, r=0,1,2,... .

To find the descendant distribution {P;}%2, it is necessary to find the normalization

constant c,
-1

c= [ZZg(M)Pj(a) =

z=0 j=x

a
Y
Hence the descendant is

7



For the geometric distribution, the change of the parameter value from a to A in sum-
mation does not affect the resulting descendant distribution, as the new parameter
value is eliminated by the constant c. The descendant distribution is identical with its
parent distribution.

Poisson distribution: If { P/ (a)}%2, is the Poisson distribution with parameter a > 0,

—a,j
P*<a>=6j,“, j=0,1,2,...

the summation has the form

> o el
Px:cZg(j;)\) T r=0,1,2,... .
j=x
The function g(-) is determined by (L1, i.e.,
Px (A A
The normalization constant is
[csINe'e} -1 1
c= lzzg(j;/\)f’j*(a) 114
=0 j=x

Therefore, the descendant distribution is given by

1 > A e %’
Po=— S (1- -2 , ~0,1,2,... .
1—)\+az< j+1) ! v

=)

The resulting descendant distribution for the Poisson parent is a two-parameter distri-
bution (i.e. it differs from its parent, which has only one parameter). As both parameters
a and X\ are parameters of certain Poisson distributions, they must not be negative. Mo-
reover, it must hold a + 1 > A, because the normalization constant c is supposed to be

positive.

1.2 Two families of discrete distributions

We use the examples to demonstrate that the descendant distribution of summation ((10))
is either a one-parameter distribution identical with its parent or a two-parameter dis-
tribution. This behaviour defines two families of discrete distributions. The first family
consists of those distributions that yield a two-parameter descendant under summation
. In the following, this family of distributions is denoted by the term family of

sensitive distributions (or the sensitive family). The name of this family is chosen to

8



emphasize the sensitivity of the parent to the change of summation parameter value.
On the other hand, the group of distributions that remain unaltered under summation
(10) is henceforward denoted as the family of resistant distributions (or the resistant
family). The members of the resistant family are, in fact, resistant to the change of
summation parameter value, when summation ((10)) is applied to them. In the following

we provide the theoretical background.

Theorem 1. A one-parameter discrete distribution { P} (a)}32, belongs to the resistant

family +f and only if
1—fU+1A)

L= f(NPs(a) + > [s = (s + 1) f(s + ;NP (a)

=1-f(j+1a), (12)

j=0,1,2,....

Theorem [l offers a rule which strictly distinguishes between the family of resistant

distributions and the family of sensitive distributions.

Theorem 2. If the distribution {Pf} belongs to the resistant family then the ratio

| Py
Pr(X)

1— Pfﬂ(a) (13)
P (a)

does not depend on j.

Theorem [2| presents a useful necessary condition which can be used to classify dis-
tributions to the sensitive family. Discrete distributions with one parameter for which
(L3) is dependent on j are certainly from the family of sensitive distributions. Those
for which is independent of j are candidates for the resistant family and validity
of the condition ((12) comes into question.

The family of resistant distributions seems to be significantly smaller than the family
of sensitive distributions. So far only the geometric and the Salvia-Bolinger distribution

are known to be from that family.



2 Iterated partial summations

We propose some solutions regarding iterated partial summations. It is possible to apply

partial summation ({2)) repeatedly, i.e.,

PO =Cy g()P;, x=0,1,2,...,
j=x

PP =0y ()P, w=0,12...,
j=x

PP =C, Y 9P, e =012
j=x

(', is anormalization constant which ensures that {ngn)}g‘;o, also called the n-th descen-
dant, is a proper distribution for n =1,2,3,... . The distribution {P}}3°, is hereafter

called the original parent. In [I1] it is proven that if there exists

*
. i+1
= lim —Z
p j—o0 _P]* ’

the iterated geometric partial summation yields the geometric distribution with the
parameter p as the limit distribution. One of the aims of our research is to examine the
behaviour of other types of iterated partial summations. At first we perform a computa-
tional study for iterated partial summations with finite-support original parents. Then
we show the relation between the iterated partial summations and the power method,
which is an apparatus from the matrix theory designed to find dominant eigenvalues
and eigenvectors of matrices. The use of the power method is applied to the Katz family
of partial summations. The conditions under which the power method can be applied,
and their impact on the iterated partial-sums problem are discussed in the dissertation

thesis.

2.1 Computational study

The computational study inquires about the limit distribution
lim P, r=0,1,2,... .

x
n—oo

In order to obtain some preliminary insight in this field, a computational study using

the R software was performed. Basically, in the R software it is possible to work only
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with objects of finite length. Therefore, the computational study is restricted by the cho-
ice of parent distribution. Only parent distributions with finite supports are considered,
which ensures that the nth descendant has also finite support, n =1,2,3,... .

We show the results of the computational study with the binomial distribution play-
ing the role of the original parent. We use two different types of partial summation, the
Salvia-Bolinger and the Poisson partial summation. The iterated Salvia-Bolinger par-
tial summation yields the deterministic limit descendant distribution for many different
combinations of parameters. The limit descendant of the Poisson partial summation

exists too, however, is not deterministic.

2.2 Power method

In this section we present analysis of the power method’s use in the field of iterated
partial summations, which is also the scope of our recently published paper [4].

Consider the partial summation
P,=cY g(i)P;, ©=0,12,..., (14)
j=x

where ¢(j) is a real function and ¢ a normalization constant (which ensures that the
sequence {P;}22, is a proper probability distribution, i.e., it sums to 1). The distributi-
ons {P7}52, and {P;}22, are called parent and descendant, respectively. Hereafter, we

restrict ourselves to parent distributions
{P;,P},P;,..., P},

i.e. to discrete distributions defined on a finite support of the size S. As the probabilities

P} in are zero for j > S in this case, the partial summation can be written as

P,=cY g()P;, x=0,1,...,5—1,

or equivalently as
P = cAP*, (15)

where P and P* are the vectors of probabilities
(P07P17"'7PS—1)T

and
(P;,Pr,...,Ps )T,

11



respectively. Matrix A is of dimension S x .S, with the following structure:

g(0) g(1) g¢(2) ¢3) ... g(S—1)
0 g(1) g(2) g(B) ... g(S—1)
a0 0 9(2) 9(3) ... g(S—1) (16)
0 0 0 g3 g(S—1)
0 0 0 0 ... g(S—1)

The partial summation can be applied iteratively as we describe in the begin-
ning of this chapter, however here we are restricted to finite-support parents only. The

descendant distribution becomes a parent of another distribution, i.e.

S—1
ngn) :ang(J)P](nil)v SL’IO,l,,S—l,

j=r

with ¢,, n =1,2,3,... being normalization constants. The distribution
*1S—1
{Px =0

will be called the original parent. We will now investigate properties of the sequence
of the descendant distributions, especially the question under which conditions the
limit of this sequence exists. We remind that the existence of the limit for iterated
partial summations applied to discrete distributions with infinite supports for a constant
function g(j) was proven in [11].

In the following, we will not consider the normalization constants. Then the matrix

12



notation (see (L5))) of the iterated partial summations is

Q(l) —AP*,
Q@ =AQW = AAP* = AP,
QB =AQ®@ = AA%P* = A3P*,

@(n) :A@(n—l) _ An]P;*’

The i-th descendant probability distribution can be obtained by the normalization of
the vector Q¥ = (QY, Q. ..., )T.

Denote ||U||1, [|U]]2 the L1-norm and the L2-norm of vector U, respectively. If the
limit of the sequence of the descendant distributions exists, it can be written as
Q(n) ' AnP*

P = lim lim

> . 17
A Q0T — A A (a7)

The power method is one of computational approaches to the problem of finding
matrix eigenvalues (see e.g. [2], pp. 330-332). We apply it to matrix A (denote its ei-
genvalues by Ao, ..., As_1; we remind that in general they need not be distinct) and
vector P* from . To satisfy the conditions of the method, suppose that A is diago-
nalizable and that it has a unique dominant eigenvalue )y (i.e., there exists k such that
Ael > [\l @ # k).

If P* is not a non-dominant eigenvector of A and, in addition, if P* is such a linear
combination of the eigenvectors of A that the coefficient corresponding to the dominant

eigenvector is non-zero, then
A"P*
lim

n-oo [[APPHly

where V' is the dominant eigenvector of A (i.e., the one which corresponds to the do-

v,
minant eigenvalue). Under these conditions, the power method implies the existence of
lim,, 00 P, see (17)), with

v
P = lim P = :
n—00 1V

The matrix A from is an upper triangular matrix, which means that its eigenvalues

are its diagonal entries, i.e.
A =g(7), j=0,1,...,58 —1.

13



Consequently, to determine the dominant eigenvalue \p of A it is necessary to find

D= .
m%jq&gﬁg_uigm)

Let D = k, i.e., let the dominant eigenvalue be A\ = g(k). The eigenvector corres-

ponding to the dominant eigenvalue Ay is the solution of the of linear equation
AV =\ V,

or, equivalently,
(A= XNV =0.

This system of linear equations yields the solution

g
_9(1)
(1 g(k’))

V= : . teR.

k (-1)
tITj= (1 —m )
0
0

In the dissertation thesis, we present detailed results for iterated summations applied
to the distributions from the Katz family.

The power method solves the question of the limit of iterated partial summations for
a wide spectrum of the partial summation types and of the original parent distributions.
However, the power method has its conditions under which it can be applied. We discuss

them in the thesis, together with some examples.

14



Summary

The field of partial summations within the theory of discrete probability distributions
offers a wide spectrum of unsolved problems. Our research managed to solve some of
them.

First, we bring an answer to the problem of invariance when the partial summation is
parametrized. The parametrization of partial summations defines the family of resistant
discrete distributions and the family of sensitive discrete distributions. We formulate the
sufficient and necessary condition for a distribution to belong to the family of resistant
distributions. So far only the geometric and the Salvia-Bolinger distributions are known
to belong to this family. We also provide a useful necessary condition for a distribution
to belong to the resistant family. It is easy to evaluate it and therefore to identify or to
reject other candidates. Finding more distributions from the resistant family, or proving
that the resistant family consists of the two above mentioned distributions only, is one
of the possible directions of future research in this field.

Second, we suggest an approach to solve the problem of the existence of the limit
for iterated partial summation if the original parent has a finite support. Results of
our computational study revealed that the iterated application of the Poisson partial
summation to a parent with a finite support yields a limit distribution which is not
deterministic. This fact encouraged a deeper research on the existence of the limit des-
cendant distribution for finite-supported parent distributions. The idea to reformulate
the whole partial summation process as a matrix multiplication allowed us to use the
power method. It proves the existence of the limit descendant distribution for a very
wide class of parent distributions only with minor exceptions, which we also define. A
detailed analysis of the iterated Katz partial summation is provided. We also identify
some specific cases, when the power method cannot be applied. The existence of the
limit in these cases remains questionable. In future, these results will be generalized to

parent distributions with the infinite support.
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