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Abstract 

The finite-difference (FD) method is the dominant method in numerical modelling of seismic 

wave propagation in the poroelastic medium. This is due to the distinct features of the FD 

method: the possibility of applying one explicit FD scheme to all interior grid points (points not 

lying on a grid border), relative simplicity, and good balance between accuracy and 

computational efficiency. At the same time, not all developed and used FD schemes sufficiently 

represent the above commonly accepted features. The main missing capability of the developed 

schemes is the achievable level of sufficiently accurate discrete representation of material 

heterogeneity – both smooth weak and strong including material interface – together with 

sufficient computational efficiency. 

This Thesis addresses the above crucial aspect of the FD modelling. We present constitutive 

relations and equations of motion for the averaged medium reasonably representing smooth 

weak and strong material heterogeneity as well as zero, no-zero constant and frequency-

dependent resistive friction. The representation of material interfaces reasonably approximates 

boundary conditions at the interface and makes thus a justification for the heterogeneous finite-

difference scheme. 

We developed the 2nd-order accurate in time and 4th-order accurate in space, velocity-stress-

pressure staggered-grid finite-difference scheme for numerical modelling of 2D P-SV seismic 

wave propagation in heterogeneous poroelastic medium. We demonstrated its accuracy and 

efficiency using numerical tests compared with the analytical, semi-analytical and independent 

verified numerical methods. 

Key words: finite-difference method, seismic waves, poroelastic medium, numerical modelling 

 

Abstrakt 

Metóda konečných diferencií (MKD) je dominantnou metódou v numerickom modelovaní 

šírenia seizmických vĺn v poroelastickom prostredí. Je tomu tak v dôsledku kľúčových 

vlastností MKD: možnosti použiť jednu explicitnú KD schému na všetky vnútorné sieťové 

body (body neležiace na hraniciach siete), relatívnej jednoduchosti a dobrej rovnováhy medzi 

presnosťou a výpočtovou efektívnosťou. Zároveň však možno konštatovať, že nie všetky 

vyvinuté KD schémy dostatočne dobre reprezentujú tieto všeobecne akceptované výhody 

MKD. Hlavnými chýbajúcimi vlastnosťami vyvinutých schém sú dosiahnuteľná úroveň 

dostatočnej presnosti diskrétnej reprezentácie materiálovej heterogenity – slabej i silnej, ktorá 

zahŕňa aj materiálové rozhrania – spolu s dostatočnou výpočtovou efektívnosťou. 

Táto dizertačná práca zahŕňa oba tieto kľúčové aspekty KD modelovania. V tejto práci 

prezentujeme konštitutívne vzťahy a pohybové rovnice pre spriemerované prostredie, ktoré sú 

dostatočne presne reprezentujú slabú alebo silnú materiálovú heterogenitu a tiež nulové, 

nenulové konštantné a frekvenčne závislé trenie. Reprezentácia materiálových rozhraní 

rozumne aproximuje okrajové podmienky na rozhraní a tvorí tak oprávnený základ pre 

heterogénnu KD schému. 

Vyvinuli sme 2D P-SV konečno diferenčnú schému na striedavo usporiadanej sieti pre 

formuláciu v rýchlosti-napätí a tlaku. Schéma má presnosť 2. rádu v čase a 4. rádu v priestore. 

Pomocou numerických testov a porovnania s presnými, semi-analytickými a nezávislými 
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numerickými metódami sme preukázali, že schéma umožňuje efektívne a dostatočne presné 

modelovanie šírenia seizmických vĺn v heterogénnom poroelastickom prostredí. 

Kľúčové slová: metóda konečných diferencií, seizmické vlny, poroelastické prostredie, 

numerické modelovanie 

 

Preface 
 
The prediction of seismic ground motion during future earthquakes at a site of interest is the 

most important task of the earthquake seismology in relation to society. With the exception of 

only few populated areas on the Earth, there is a drastic lack of earthquake recordings that could 

be used for empirical prediction of the earthquake ground motion. This implies importance and 

irreplaceability of theoretical and computational seismology with respect to prediction of the 

seismic ground motion during future earthquakes. 

The team of computational seismology at Comenius University in Bratislava has long 

tradition in developing efficient and accurate numerical methods. Their numerical modelling of 

seismic wave propagation and earthquake ground motion based on the finite-difference (FD) 

method in realistic complex models of local surface sedimentary structures is internationally 

recognized. The team has been for years focused on complex heterogeneous viscoelastic 

medium (see, e.g., Moczo et al. 2014 and Kristek et al. 2019). Recently, the team has extended 

its modelling to heterogenous poroelastic media 

In the first steps towards numerical modelling in the heterogenous poroelastic media we 

had to adopt the Biot’s theory of poroelasticity (in the Bachelor Thesis by Gregor 2014), 

develop the first computer code and perform numerical tests for models of homogenous 

poroelastic medium with zero resistive friction (in the MSc Thesis by Gregor 2016). Then the 

next step was to develop method for treating material interfaces inside the smoothly 

heterogenous poroelastic medium. Moczo, Gregor, Kristek and De la Puente (2019) developed 

the discrete representation of heterogeneous poroelastic medium with constant resistive friction 

that makes a part of this Thesis. 

The water saturated sediments in local surface sedimentary structures can exhibit a high 

intrinsic (hydraulic) permeability. The high intrinsic permeability implies the necessity to 

incorporate frequency dependence of permeability. Consequently, also the frequency 

dependence of the resistive friction. In such poroelastic models, the Biot’s characteristic 

frequency can get close to the frequency range of interest in the earthquake seismology and 

engineering. The model with constant resistive friction is not applicable. So far, the best 

physical model for the frequency-dependent permeability and resistive friction is the JKD 

model developed by Johnson, Dashen & Koplik in 1987. 

Therefore, we continued our effort and developed discrete representation of the 

heterogeneous poroelastic medium and corresponding FD scheme, algorithm and computer 

code for simulating wave propagation in models with the JKD model of the frequency-
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dependent permeability and resistive friction. The development of this representation is 

presented in this Thesis together with the extensive numerical tests. 

Poroelastic Medium 
For numerical simulation of seismic wave propagation and earthquake motion in the Earth, the 

elastic or viscoelastic medium is usually used as an adequate material model of the medium 

inside a target domain (volume) of the Earth. In the case of the simplest elastic continuum, the 

seismic wave propagation is governed by the equation of motion and linear Hooke’s law. 

However, rocks and soils in the Earth are generally composite materials, and hence 

inhomogeneous on a microscopic scale. A one of the representatives of such composite 

materials is a fluid-saturated porous medium – a poroelastic material formed by two 

interpenetrated phases. A solid phase (solid, denoted by the subindex “s” in the following 

sections) constitutes a matrix (“m”) (or a frame) of the porous medium, that is a solid with 

pores. A fluid phase (“f”) fills in pores of the matrix. The solid matrix of a porous rock can be 

constituted of a collection of particles of quartz, feldspar, mica and other minerals of various 

sizes, ranging from to 0.1 to1 mm. The fluid phase is typically made of water, air, oil, methane 

gas or mixture of these. Porous materials are illustrated in Fig. 1 reproduced from the book 

Poroelasticity by Cheng (2016). 

Two basic phenomena are typical for physical behaviour of poroelastic material: 

• Solid to fluid coupling occurs when a change in applied stress produces a change in 

fluid pressure or fluid mass. 

• Fluid to solid coupling occurs when a change in fluid pressure or fluid mass produces a 

change in the volume of the porous material. 

The propagation of waves in a poroelastic medium saturated by a compressible viscous 

fluid was first analyzed by Biot in several classical papers (Biot 1956a, Biot 1956b, Biot 1962a, 

1962b) and later experimentally confirmed by Plona (1980). Biot's theory has been mainly 

utilized for purposes of petroleum industry, in order to perform seismic surveys and determine 

the physical properties of rocks inside the reservoirs. Biot assumed that the fluid may flow 

relative to the solid matrix causing friction and predicted the existence of two dilatational waves 

and one shear wave. The first longitudinal wave, usually denoted as fast P-wave, behaves 

similarly to the well-known P-wave in an elastic medium, with relatively large velocity, low 

attenuation and very little dispersion. The S-wave also behaves as the well-known S-wave in 

an elastic medium and is affected by similar level of attenuation and dispersion as the fast P-

wave. The second longitudinal wave, the slow P-wave, whose existence distinguishes the 

poroelastic wavefield from the elastic one, behaves at low frequencies as a diffusion type wave 

due to its low phase velocity, very high attenuation and 
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Figure 1.  Poroelastic materials – reproduced from book Poroelasticity by Cheng (2016). 
 

Rocks:  a sand, b sandstone, c volcanic rock, d fractured rock 
Technical materials: e pervious concrete, f polyurethane foam, g metal foam, j nanoporous 

alumina 
Human body: h bone with osteoporosis, i articular cartilage 
 

 

dispersion, while at high frequencies becomes a truly propagating wave. At frequencies up to 

approximately 410  Hz, in a low-permeability medium, the slow P-wave is significant only very 

close to the source or near material heterogeneities. In the same frequency range, the slow P-

wave can propagate to larger distances in a high-permeability medium. The fast P-wave is 
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associated with the in-phase fluid and solid compressional motion, while the slow P-wave is 

associated with the out-of-phase motions. 

Alternative poroelastic theories could have been considered, such as the one developed by 

Sahay (2008), who also considers slow S-wave. In his theory, an attenuation mechanism due to 

viscous loss within the fluid is taken into account, in addition to Biot's attenuation due to viscous 

forces between the solid and fluid phases. The Sahay’s theory seems more advanced than the 

but so far it has not received larger attention. In this Thesis we will restrict to Biot’s theory 

which is still widely accepted for modelling seismic wave propagation in porous media. 

Basically, the wave propagation in poroelastic material may be investigated using two 

approaches. The first approach is based on a homogenization procedure (Auriault 1980) and 

the second one is based on concepts of continuum mechanics (Biot 1956a). In this work we will 

use the second approach called Biot’s theory of poroelasticity. This is because Biot’s theory is 

widely used, especially in the field of numerical modelling, and it is more suitable for 

investigating wave propagation in media with interface (Sharma 2007). The main assumptions 

of the Biot’s theory are 

(a) Displacements, strains and particle velocities are small. This allows to neglect the 

distinction between the Eulerian and Lagrangian formulations. The constitutive equations, 

dissipation forces, and kinetic momenta are linear. 

(b) The wavelength is large in comparison with the radius of the pores. This is a requirement 

for applying the theory of continuum mechanics and implies that scattering dissipation is 

neglected. 

(c) The liquid phase is continuous, such that pores are connected and the disconnected pores 

are part of the matrix. 

(d) Permeability and the material of the matrix are isotropic and the medium is fully saturated. 

The theory can be extended to the anisotropic case. 

(e) The absence of thermo-mechanical and chemical effects. 

 

Numerical Methods for Simulating Seismic Wave 

Propagation in the Poroelastic Medium 

Analytical and semi-analytical methods are suitable for spatially homogeneous models or 1D-

heterogenepus models. It is in principle very difficult to address lateral heterogeneity for these 

methods. Therefore, grid-based (or element-based) numerical methods are mostly applied. Each 

of these methods can discretize 3D complex porous models. Not equally accurately and 

computationally efficiently. Each method has its advantages and disadvantages. It is therefore 

a matter of a reasonable decision of the numerical-modelling team to choose the best possible 

methods for solving specific problems. As in the numerical modelling of seismic wave 

propagation in one-component elastic and viscoelastic media, there are four the most important 
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methods: pseudospectral method, finite-difference method (FDM), spectral-element method 

(SEM) and discontinuous Galerkin method (DGM). The three latter methods dominate. 

The articles by Őzdenvar & McMechan (1996) and Sidler et al. (2010) are examples of 

application of the pseudospectral method which use global operators. 

After the pioneering work by De la Puente et al. (2008) and De la Puente (2008), Ward et 

al. (2017, 2020), Shukla et al. (2019, 2020), Zhan et al. (2018, 2020) applied the discontinuous 

Galerkin method. In the very recent article, Ward et al. (2020) developed a DG methodology 

for a coupled 3D poroelastic/elastic isotropic model incorporating Biot's LF and HF regimes. 

They noted that the exact Riemann-problem-based numerical flux implementation naturally 

resolves all material discontinuities. DGM is a very powerful and universal numerical-

modelling method applicable to a large variety of problems in seismology. The crucial critical 

aspects are mesh generation and computational efficiency. The latter may pose a problem for a 

class of wavefield-medium configurations. Based on the published articles the method seems 

suitable for modelling seismic wave propagation in poroelastic media. 

The finite-element method was used by, e.g., Bermudez et al. (2006) and Santos & Sheen 

(2007). The classical finite-element method is 2nd-order accurate in both time and space being 

equivalent in this aspect to the classical displacement-formulation FDM on the conventional 

grid.  Much more powerful and accurate is SEM that was successfully applied to poroelastic 

media by Morency & Tromp (2008) who also elaborated excellent fundamental formulation of 

the theory of seismic wave propagation in the poroelastic media. As in the case of DGM, the 

mesh generation and computational efficiency can be a problem especially in case of 

complicated geometry of material interfaces. 

For further reading on computational poroelasticity and numerical modelling we refer to 

review by Carcione et al. (2010). 

The most used method so far is FDM. Given this and the goal of this Thesis, we will focus 

on the FDM modelling in this overview. We will include the so-called FDTD – the Finite-

difference Time-domain approach. This is to be distinguished from FDFD – the Finite-

difference Frequency-domain approach. We will use the introduction in the article by Moczo, 

Gregor, Kristek and De la Puente (2019) and also include more recent articles. 

The FD method has been used for modelling wave propagation in the elastic medium since 

late 60s – probably the best-known example being the article by Alterman & Karal (1968). The 

method was applied for simulating wave propagation in the porous medium later. One of the 

first studies was the article by Garg et al. (1974) who investigated propagation of compressional 

waves in fluid‐saturated elastic porous media using the computer code POROUS (Riney et al. 

1972, 1973). 

More studies applying the FD method appeared in the 90s. Hassanzadeh (1991) used it to 

solve the Biot’s poroacoustic equations in a homogeneous fluid-saturated porous medium. Zhu 

& McMechan (1991) developed a 2nd-order explicit conventional FD scheme, following Kelly 
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et al. (1976), for solving the Biot’s poroelastic equations in a homogeneous porous medium. 

Dai et al. (1995) extended the FD method to Biot’s poroelastic wave equations in 2D 

heterogeneous porous media. Considering a 1st-order hyperbolic system equivalent to Biot's 

equations, they developed a MacCormack predictor-corrector (4, 2) scheme (4th-order accurate 

in space and 2nd-order accurate in time), based on a spatial splitting technique. The scheme on 

the collocated grid updates the vector consisting of the solid and fluid particle-velocity 

components, the solid stress-tensor components, and the fluid pressure. 

Schemes used by Hassanzadeh (1991) and Zhu & McMechan (1991) are based on the 

homogeneous approach - wave equations for each homogeneous layer are solved separately and 

the boundary conditions must be satisfied explicitly on the interfaces between different layers. 

Dai et al. (1995) applied the heterogeneous approach – one scheme is used for all interior grid 

points and the heterogeneity of medium is accounted for by values of material parameters 

assigned to the grid positions. Dai et al. explicitly said about the heterogeneous approach what 

was then considered correct: the boundary conditions are satisfied implicitly and more 

complicated geometries can be accommodated with no extra effort. It has been later recognized 

that this is not so (Moczo et al. 2002, 2014; Kristek et al. 2017). 

Zhang (1999) developed a quadrangle-grid velocity-stress FD scheme for simulating wave 

propagation in 2D heterogeneous porous media. In his non-orthogonal spatial grid, two solid 

particle-velocity components and two components of velocity of the pore fluid relative to that 

of the solid share one grid position whereas the three solid-matrix stress components and the 

fluid pressure share another grid position. Apart from the non-orthogonal geometry and fluid-

related field quantities, the grid is the partly-staggered grid (first used by Andrews in 1973 and 

later called a rotated staggered grid by Saenger and his collaborators). 

Zeng et al. (2001) applied the perfectly matched layer in their FD numerical modelling of 

wave propagation in poroelastic media. Wang et al. (2003) improved efficiency of the FD 

modelling of wave propagation in poroelastic media by developing an (8, 2) explicit velocity-

stress staggered-grid (SG) scheme. Wang et al. (2003) pointed out, referring to Levander 

(1988), that with the SG schemes strong velocity-contrast interfaces can be handled with high 

accuracy because derivatives of material parameters are not required. As already mentioned, 

the representation of interfaces seems easy and implicit with the heterogeneous schemes solving 

the first-order equations of motion but, in fact, it is not the case – again we refer to Moczo et 

al. (2002, 2014) and Kristek et al. (2017). 

Saenger et al. (2004) applied the rotated staggered FD grid (the basic variant of the partly-

staggered grid) technique to calculate elastic wave propagation in 3D porous media. Saenger et 

al. (2005) extended the approach to porous media saturated with a Newtonian (viscous) fluid 

using a generalized Maxwell body. 

Sheen et al. (2006) presented a parallel implementation of the 2D P-SV velocity-stress SG 

FD scheme, 4th-order in space and 2nd-order in time, for fluid-saturated poroelastic media. They 
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also addressed the aspect of the effective media parameters. They averaged shear modulus 

according to Graves (1996). They applied harmonic averaging to density, effective fluid density, 

fluid density and mobility of the fluid. Harmonic averaging of density, however, violates the 

boundary conditions at an interface (Moczo et al. 2002). The authors correctly suggest the need 

to properly address the problem of the effective grid material parameters in the subsequent 

research. 

Masson et al. (2006) applied a 2D (4, 2) velocity-stress SG FD scheme. They analysed 

stability conditions and demonstrated that over a wide range of porous material properties 

typical of sedimentary rock and despite the presence of fluid pressure diffusion (Biot slow 

waves), the usual Courant condition governs the stability as if the problem involved purely 

elastic waves. In relation to our study we may note that they averaged shear modulus according 

to Graves (1996). Masson & Pride (2007) applied FD modelling to investigate seismic 

attenuation and dispersion due to mesoscopic-scale heterogeneity. Specifically, they simulated 

one loss mechanism that can be important across the seismic band of frequencies when 

heterogeneity is present within fluid-saturated porous samples. 

Krzikalla & Müller (2007a, b) applied the rotated spatial FD operators (Saenger et al. 2000) 

to improve stability in modelling high-contrast materials compared to standard SG scheme. 

Wenzlau & Müller (2009) implemented a velocity-stress FD scheme for modelling wave 

propagation and diffusion in porous media. The scheme is 2nd-order accurate in time and 

includes high-order spatial differentiation operators and is parallelized using the domain-

decomposition technique. The spatial discretization combines the standard and rotated SG 

operators. Wenzlau & Müller presented several tests to estimate the accuracy of poroelastic 

wave-propagation schemes for the high-frequency case where the Biot slow wave is a 

propagating wave mode and for the low-frequency case when this wave mode becomes 

diffusive. They introduced a diffusion wavelength in relation to the numerical dispersion. They 

also addressed the stability for strongly heterogeneous medium and compared the standard and 

rotated staggered-grid schemes. Masson & Pride (2010) expanded their scheme to Biot’s 

equations across all frequencies. O’Brien (2010) presented 3D (4, 2) standard and rotated SG 

schemes. They analysed stability and numerical dispersion. 

Chiavassa & Lombard (2011, 2013) made an important contribution to numerical 

modelling of wave propagation in heterogeneous 2D fluid/poroelastic media mainly by 

applying an immersed interface method to discretize the interface conditions and to introduce 

a subcell resolution. They also implemented a 4th-order ADER scheme with Strang splitting for 

time-marching, and a space-time mesh-refinement to capture the slow compressional wave. 

With respect to the discontinuous material heterogeneity the immersed-interface method is the 

most sophisticated approach applied so far. Arbitrary-shaped interfaces can be handled, and 

accuracy is ensured by a subcell resolution on a Cartesian grid. Its only disadvantage is the 

relatively high computational cost. 
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Chiavassa & Lombard (2013) made this explicit statement: “… arbitrary-shaped 

geometries with various interface conditions … are badly discretized by FD methods on 

Cartesian grids”. Well, the “FD methods” is in fact a large family of FD schemes differing 

strongly in their accuracy and efficiency. The statement by Chiavasa & Lombard is relevant 

mainly for those FD modellers who were misled by the absence of derivatives of material 

parameters in the velocity-stress or displacement-stress formulation of the equation of motion 

and constitutive relation. Those modellers assumed that boundary conditions are implicitly 

satisfied at boundaries. Consequently, majority of the FD schemes for seismic wave propagation 

had been using for years grid material parameters inconsistent with the boundary conditions at 

the interface; see Moczo et al. (2014). 

Blanc (2013) presented a numerical approach to the complete Biot-DA (diffusive 

approximation) system in which the equations of evolution are split into two parts: a 

propagative part is discretized using a 4th-order FD scheme, and a diffusive part is solved 

exactly. She also implemented the immersed-interface method to account for the jump 

conditions and for the geometry of the interfaces on a Cartesian grid. 

Itzá et al. (2016) applied the global optimal implicit staggered-grid FD scheme based on 

least-squares, proposed originally by Liu (2014) for the elastic medium, to 2-D porous media. 

Balam et al. (2018) incorporated the above FD scheme into the self-organizing maps of the 

neural network algorithm to obtain synthetic waveforms in poroelastic media for reservoir 

modelling. Zhang et al. (2017) developed explicit flat-free-surface boundary condition for 

modelling seismic wave propagation in poroelastic media using the staggered-grid FD scheme. 

Yang & Mao (2017) presented simulation of seismic wave propagation in 2D poroelastic media 

using weighted-averaging FD stencils in the frequency–space domain. Their scheme is an 

extension of the 25-point weighted-averaging FD scheme proposed by Min et al. (2000). They 

used the optimal weighting coefficients in order to account for medium heterogeneity without 

rotating the coordinate system and the grid points. 

A recent and very valuable contribution to the FD modelling of seismic wave propagation 

in porous media is the article by Sun et al. (2019). Sun et al. developed a modification of the 

traction-imaging scheme presented originally by Zhang & Chen (2006) and Zhang et al. (2012) 

for modelling seismic wave propagation in models with nonplanar free surface. Sun et al. 

(2019) extended their approach to poroelastic media. They expressed equations of Biot’s theory 

in curvilinear coordinates and solved on a collocated grid by utilizing the 4th-order accurate 

Runge–Kutta scheme with alternating applications of forward and backward MacCormack FD 

approximations. They derived formulas of the free-surface boundary conditions for poroelastic 

media in the curvilinear coordinates and subsequently implemented with the traction-imaging 

method. 

The FD method is the dominant method in numerical modelling of seismic wave 

propagation in the poroelastic medium. This is due to the distinct features of the FD method: 
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the possibility of applying one explicit FD scheme to all interior grid points (points not lying 

on a grid border), relative simplicity, and good balance between accuracy and computational 

efficiency. At the same time, it is true that not all developed and used FD schemes sufficiently 

represent the above commonly accepted aspects. Moczo, Gregor, Kristek and de la Puente 

(2019) explained what is missing in the published work on FD schemes – sufficiently accurate 

discrete representation of material heterogeneity and sub-cell resolution. Moczo, Gregor, 

Kristek and de la Puente (2019) presented such FD scheme for the poroelastic medium with 

zero or non-zero constant resistive friction. The latter article makes a part of this Thesis. 

Therefore, next we formulate goals of the Thesis including the contribution presented in the 

article. 

 

Goals 

The main goal of the Thesis is to develop an FD tool for modelling 2D P-SV seismic wave 

propagation in the poroelastic medium. This includes the following major partial goals: 

• development of the constitutive law for a) smoothly and weakly heterogeneous medium 

and b) strongly heterogeneous medium with material interfaces 

• development of the equations of motion for smoothly-and-weakly and strongly 

heterogeneous medium a) with zero resistive friction a) with non-zero constant resistive 

friction and c) frequency-dependent permeability and resistive friction, 

• adaptation of the partition method to equations of motion for the averaged medium with 

the non-zero resistive friction, 

• development of the nd2 -order accurate in time and th4 -order accurate in space, velocity-

stress-pressure FD scheme, 

• development of computational algorithm and computer code based on the FD scheme, 

• numerical tests of the computational algorithm and computer code. 

 

Conclusions 

 
In the dissertation we presented 

• derivation of the constitutive relations for the poroelastic medium following mainly 

Carcione (2015), 

• equations of motion in the time domain for the poroelastic medium with the constant 

resistive friction according to Biot’s theory (Biot 1956a), 

• equations of motion in the frequency domain for the poroelastic medium with the 

frequency-dependent permeability and resistive friction based on the model by Johnson 

et al. (1987). 
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The results of the dissertation include 

• derivation of the equations of motion in the time domain for the JKD model of the 

poroelastic medium based on the Laplace-Carson transform, 

• development of the constitutive law for the averaged medium, that is, the discrete 

representation of the strongly heterogeneous (including material interfaces) poroelastic 

medium (presented in the Geophys. J. Intl. article by Moczo, Gregor, Kristek and de la 

Puente 2019), 

• development of the equations of motion for the averaged medium with constant resistive 

friction (presented in the article by Moczo, Gregor, Kristek and de la Puente 2019) and 

equations of motion for the averaged medium with the JKD model of the frequency-

dependent permeability and resistive friction, 

• adaptation of the diffusive approximation developed by Blanc et al. (2012) and Blanc 

(2013) to the convolutional term representing resistive friction in the JKD model of the 

poroelastic medium including a novel optimization procedure for determination of the 

whole-model abscissae and spatially varying weights of the discrete diffusive 

approximation, 

• adaptation of the partition method developed by Carcione & Quiroga-Goode (1995) and 

applied to the diffusive representation by Blanc et al. (2012) and Blanc (2013), 

• development of the n d2 -order accurate in time and th4 -order accurate in space, 

velocity-stress-pressure finite-difference (FD) scheme for the averaged poroelastic 

medium with a) zero resistive friction, b) non-zero constant resistive friction and c) JKD 

model of the frequency-dependent permeability and resistive friction, 

• generalization of the stress-imaging approach and AFDA approach (based on Kristek et 

al. 2002 and Moczo et al. 2004), PML (based on Kristek et al. 2009) and source (based 

on Carcione 1998 and Carcione & Quiroga-Goode 1996) to the poroelastic medium, 

• development of the FORTRAN-95 computer code based on the discrete representation 

of the heterogeneous medium and corresponding FD scheme with the option for 

simulating wave propagation in models a) with zero resistive friction, b) non-zero 

constant resistive friction and c) JKD model of the frequency-dependent permeability 

and resistive friction, 

• development of the FORTRAN-95 computer codes based on the analytical or semi-

analytical solutions by Dai et al. (1995), Karpfinger et al. (2005) and Carcione & 

Quiroga-Goode (1996); numerical tests using the codes for models of the unbounded 

homogeneous poroelastic medium with zero resistive friction and frequency-dependent 

permeability and resistive friction served the basis for the ultimate comparisons with 

the semi-analytical method by Mesgouez & Lefeuve-Mesgouez (2009), 
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• extensive numerical tests of the FD algorithm and computer code for heterogeneous 

models with zero resistive friction against the exact method by Diaz & Ezziani (2008); 

(presented in the article by Moczo, Gregor, Kristek and de la Puente 2019), 

• numerical tests of the FD algorithm and computer code for the model of a lens with zero 

resistive friction against the discontinuous Galerkin method by de la Puente et al. 

(2008); (presented in the article by Moczo, Gregor, Kristek and de la Puente 2019), 

• extensive numerical tests of the FD algorithm and computer code for the JKD models 

of the homogeneous halfspace and layer over halfspace against the semi-analytical 

solution by Mesgouez & Lefeuve-Mesgouez (2009). 

 

The main conclusion: 

We have developed the FD scheme capable of sub-cell resolution in the strongly heterogeneous 

poroelastic medium with a) zero resistive friction, b) non-zero constant resistive friction and c) 

JKD model of the frequency-dependent permeability and resistive friction. 

 

 

Numerical example documenting the sub-cell resolution 

of the developed FD scheme 

The example shows very good level of agreement between the FD seismograms and semi-

analytical (SA) seismograms for both the Biot’s and JKD models, and all interface positions in 

the FD grid. The latter fact is due to the sub-cell resolution of the developed FD scheme. 

 

 

 

 
Figure 31. Source-receiver configuration in the model of a layer over halfspace. 
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Figure 36. 5 positions of the horizontal layer-halfspace interface in the grid labelled A, B, C, D
and E. Labels A and E are framed in order to indicate that the distance between the two positions
is just one grid spacing h. The source and receivers are at the same positions in the grid in all 5
cases.

Figure 48. The same as in Fig. 47 but for the interface positions D and E.
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Figure 47. The zv seismograms at receiver R2 in the models of the layer over halfspace for the
Biot’s and JKD models calculated by our FD scheme and semi-analytical (SA) method by
Mesgouez and Lefeuve-Mesgouez. Labels A, B and C indicate both the layer thicknesses and
positions of the layer-halfspace interface in the FD grid (the grid being one and the same for all
thicknesses/interface positions, see Fig. 36).
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